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Abstract

An important problem in polymer processing is to provide suitable thermal conditions for polymer melt flows through narrow channels
during extrusion or injection. Due to various thermal effects (e.g., viscous dissipation, chemical reactions) the temperature profile of the
melt could be quite sharp. In order to numerically simulate polymer flows and heat transfer through a narrow channel, the inlet boundary
conditions, which are generally unknown, have to be specified. For such a creeping flow, the area where the velocity field develops is very
short. In contrast, the inlet temperature profile develops quite slowly and affects the temperature field far downstream. An approach is
suggested for restoring the inlet temperature profile by solving an inverse heat transfer problem using Cauchy data at the channel wall. The
polymer flow is assumed to be a steady, laminar and incompressible flow of a non-Newtonian pseudo-plastic fluid, which is governed by
the Navier–Stokes equations and a constitutive “power law” model for viscosity. This non-linear inverse problem is solved by a sequential
approximation method combined with Tikhonov’s regularization method. Notably, this approach has been found to be efficient for field
observation problems, when the magnitude of non-linearity is not too large. The results of numerical simulation are presented and questions
regarding accuracy are discussed. 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

Numerical and experimental investigations of polymer
flows and the corresponding heat transfer problems consti-
tute an important part of research on polymer (food) extru-
sion and injection. Some studies, based on the numerical so-
lution of the equations governing flow and heat transfer in
two and three dimensions, were recently carried out by Lin
and Jaluria [1,2], Hammad and Vradis [3], and others. Com-
mercial software (e.g., POLYFLOW, FIDAP and MOLD-
FLOW) enable considering the flow of polymer melts for
different complex geometries and viscosity models. How-
ever, in order to obtain accurate numerical solutions, inlet
boundary conditions must be carefully specified. For ex-
ample, in modeling polymer melt flows through a die, re-
searches usually consider the die as a stand alone tool, inde-

✩ This article is a follow up a communication presented by the authors at
the EUROTHERM Seminar 68, “Inverse problems and experimental design
in thermal and mechanical engineering”, held in Poitiers in March 2001.
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pendent of the extrusion conditions that feed the melt into
the die. The initial velocity profile is usually assumed to
be fully developed. This approach becomes limited if the
screws feeding the die are situated close to the die entrance.
Concerning the inlet temperature profile, two main charac-
teristics of the polymer melt flow have to be taken into ac-
count: (a) due to the very high Peclet number, the inlet pro-
file affects the viscosity field in the die at a distance far from
the entrance, (b) due to high viscous dissipation and very
low heat conductivity, the temperature profile could have a
sharp form and the maximum temperature in the flow ap-
proaches the die wall where the fluid has a high residence
time. As a result, an overheated area can be generated within
the flow and degradation of material could occur. Therefore,
it is important to accurately predict and control the maxi-
mum temperature rise within the polymer melt flow.

The question considered in this study concerns the
feasibility of restoring the temperature field within the fluid,
by taking the temperature measured at the channel wall and
possibly in some additional locations within the flow, when
the inlet profile is unknown. This problem belongs to the
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Nomenclature

c specific heat capacity . . . . . . . . . . . . J·kg−1·K−1

Ec Eckert number= u2
refc

−1
refT

−1
ref

L channel length . . . . . . . . . . . . . . . . . . . . . . . . . . . m
m number of iterations
p local pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa
Pe Peclet number= [uρcR · λ−1]ref

R inlet channel radius . . . . . . . . . . . . . . . . . . . . . . . m
R(x) channel boundary shape
r radial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m
Re Reynolds number= [uRρ/η]ref

T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
u axial velocity component . . . . . . . . . . . . . . m·s−1

v radial velocity component . . . . . . . . . . . . . m·s−1

x axial coordinate . . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek letters

α regularization parameter, Eq. (26)

β temperature coefficient of viscosity,
Eq. (8) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K−1

χ the residual level
γ̇ shear rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s−1

Φ viscous dissipation function
λ thermal conductivity . . . . . . . . . . . . W·m−1·K−1

ν “power law” index, Eq. (8)
ρ density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

η viscosity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Pa·s
Subscripts/Superscripts

ux derivative= ∂u/∂x

ur derivative= ∂u/∂r

u�n normal derivative= du/d �n
ref reference value
in inlet value
r ′ newr variablê measured values

inverse heat transfer problems (IHTP) group. They were
systematically considered by Alifanov [4] and others. The
basic equation governing the phenomenon is the convection–
diffusion equation. IHTP generally consists in determining
the temperature field within a given spatial domain (field
observation problem) or in the estimation of coefficients
(identification problem), assuming that additional noisy
measurement data (temperatures and/or heat fluxes) are
available. The aim of the problem under investigation is to
restore the inlet temperature profile using the Cauchy data
measured at the channel wall.

When the coefficients of the convection–diffusion equa-
tion are known, i.e. the velocity field, a unique IHTP solu-
tion can be expected. If the velocity field does not depend
on the temperature field, the IHTP solution is simplified, in
a recent study, Huang and Chen [5] considered this situation
for non-stationary Navier–Stokes (N–S) equations. For nat-
ural convection flows, the buoyancy force depends on tem-
perature. A natural convection IHTP solution was studied by
Prud’homme and Nguyen [6]. Obviously when the viscos-
ity strongly depends on temperature, coupling between the
temperature and the velocity fields is essential for fluid flows
through narrow channels.

In this paper, we studied the coupled IHTP, where the ve-
locity field depends on the temperature field through viscos-
ity, using generalized N–S equations for a non-Newtonian
fluid. We show that under the usual polymer processing con-
ditions, such a coupling has to be taken into account for
polymer melt flows though narrow channels like extrusion or
injection die. In conclusion, the IHTP methodology is sug-
gested to improve the prediction of thermal effects in poly-
mer flows.

2. Direct problem statement

An arbitrary boundary-shaped cylindrical channel is con-
sidered in Fig. 1. The dimensionless equations that gov-
ern the steady, laminar, and incompressible flow of a non-
Newtonian fluid (polymer melt) in cylindrical coordinates
are [1]

ux + 1

r
(rv)r = 0 (1)

vvr + uvx + pr

= 1

Re

(
1

r
(ηrvr )r + (ηvx)x + ηrvr + ηxur − η

v

r2

)
(2)

vur + uux + px

= 1

Re

(
1

r
(ηrur)r + (ηux)x + ηrvx + ηxux

)
(3)

0< x <L, 0< r < R(x)

Fig. 1. Cylindrical arbitrary shaped polymer melt flow channel.
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Heat transfer within the fluid is governed by the non-linear
convection–diffusion (energy) equation

(uTx + vTr ) = 1

Pe

[
(Tx)x + 1

r
(rTr )r

]
+ Ec

Re
Φ (4)

whereu, v are functions of the fieldT (x, r).
The dimensionless variables are taken as follows:

u = ũ/uref, v = ṽ/uref

p = p̃/
(
ρu2

ref

)
, T = (

T̃ − Tref
)
/Tref

η = η̃/ηref, qw = q̃wR/(λrefTref)

x = x̃/R, r = r̃/R

R(x) = R̃(x)/R, L = L̃/R

The shear rate and the dimensionless shear rate are given by
the following equations

˜̇γ = uref

R
γ̇ (5)

and

γ̇ = [
2
(
u2
x + v2

r + v2/r2) + (
u2
r + v2

x

)]1/2 (6)

The dimensionless viscous dissipation function is given by

Φ(T ) = ηγ̇ 2 (7)

η̃ = η
(
T̃ , ˜̇γ (

T (x, r)
))

The viscosity varies mostly with respect to shear rate and
temperature. In the present study the “power law” model is
considered

η̃ = ηref
( ˜̇γ )ν−1

e−β(T̃−Tref) (8)

whereν is called the “power law” index.
Eqs. (1)–(3) together with Eq. (8) describe the pseudo-

plastic behavior of the fluid. Variations with respect to
pressure or concentration of chemical species could be taken
into account. Other constitutive models (see, for example,
[7]) are also available.

The boundary conditions for the flow equations are
specified as follows:

ur(x,0)= 0, v(x,0) = 0, 0< x <L

u
(
x,R(x)

) = 0, v
(
x,R(x)

) = 0, 0< x <L

u(0, r) = uin(r), v(0, r) = vin(r), 0< r < R(x)

ux(L, r) = 0, vx(L, r) = 0, 0< r < R(x)

(9)

and for the energy equation, as follows:

Tr(x,0)= 0, 0< x �L

Tx(L, r) = 0, 0 � r � R(L)
(10)

−T�n
(
x,R(x)

) = qw(x), 0< x �L

T (0, r)= w(r), 0 � r � 1
(11)

3. Inverse problem statement

Heat transfer in the polymer melt is governed by Eqs. (4)–
(7), together with the boundary conditions of Eqs. (10), (11).
The flow velocity componentsu, v depend on tempera-
ture through viscosity (Eq. (8)) and the generalized N–S

equations (1)–(3), together with the boundary conditions of
Eq. (9). The numerical solution of this set of non-linear
equations can be computed only when four boundary con-
ditions are specified: the inlet velocity profilesuin(r) and
vin(r), the inlet temperature profilew(r), and the wall heat
flux qw(x) at the polymer-die interface.

In the following study,uin(r), vin(r), and qw(x) are
assumed to be known:

• uin(r) could be computed as the outlet velocity profile
of a fully developed flow in a straight tube, therefore
vin(r) = 0.

• qw(x) could be determined by including the die in
the spatial heat transfer domain under study, and by
solving the conjugate heat transfer problem in both
polymer and die domains. Here for simplicity, the spatial
domain is restricted to the polymer flow domain and an
adiabatic conditionqw(x) = 0 will be considered along
the interface.

The polymer inlet temperature profilew(r) is unknown.
After being restored, the temperatureT (x, r;w) at any
point of the polymer flow domain(0,L) × (0,R(x)) will
be determined by solving the direct problem equations of
Section 2.

The aim of the inverse problem under consideration is to
restore the radial profilew(r) from additional temperature
dataY = {Yk(x), k = 1,N}, here assumed without errors,
available alongN axial measurement linesRk(x)

Yk(x) = T
(
x,Rk(x)

)
, 0< x <L (12)

At least one of those lines must be the channel boundary line
R(x).

The boundary conditionsuin(r), vin(r) andqw(x) being
fixed, letA be the non-linear operator that maps the inlet pro-
file w(r) onto the temperature fieldT (x, r) in the polymer
melt flow, through the non-linear equations (1)–(11):

Aw = T (13)

LetC be the linear output operator that maps the temperature
field T (x, r;w) to the output temperatureY

Y = CT (14)

and let us denotêY (x) the measured temperature (with
inherent errors):

Ŷ = Y + δT (15)

whereδT (x) is an error function, assumed to be Gaussian
with standard deviationσT .

The inverse problem can be stated by the following
operator equation

CAw − Ŷ = 0 (16)



I. Gejadze, Y. Jarny / Int. J. Therm. Sci. 41 (2002) 528–535 531

4. Algorithm for the IHTP solution

The IHTP under consideration is an ill-posed problem
and the solution is strongly affected by noisy measurements
[13]. Moreover, it should be noted that the non-linear
equation (16), has to be solved using an iterative algorithm.
If the solution of the N–S equations is required to update
the velocity componentsu, v and the source termΦ, at
each iteration, the numerical procedure would become very
time-consuming. This is why an iterative algorithm based
on the combination of a sequential approximation method
together with Tikhonov’s regularization has been developed
as explained below.

4.1. The sequential approximation method

This algorithm was found to be efficient for field restora-
tion problems, when the deviations of the unknown field
around a known state can be considered as small [8,9].

Let wn(r) be the current approximation of the inlet tem-
perature profile andT n(x, r) = Awn(r) the corresponding
temperature field, solution of the modeling equations (1)–
(11). Let us consider a perturbationδw(r) to the inlet tem-
perature. Then the temperature field variationδT (x, r) is
given by the solution of the linear equation(
unδTx + vnδTr

) = 1

Pe

[
(δTx)x + 1

r
(rδTr )r

]
δT (0, r)= δw(r), δTn̄

(
x,R(x)

) = 0

assuming thatun, vn are taken as functions of the space
coordinates(x, r), according to the current fieldT n(x, r).

Introduce the linear operatorBn, which maps the function
δw = w−wn onto the field variationδT = T −T n, then the
new approximation of the temperature field

T = T n + δT = Awn +Bn
(
w −wn

)
is used to rewrite the inverse problem equation (16) under
the new linear form

CBnw = CBnwn + Ŷ −CAwn (17)

The operatorBn should not be changed within the iteration
loop marked with indexm below. If the initial approximation
w0 is chosen close enough to its actual value, then the
operatorBn could be calculated once and for all at the
beginning, forn = 1. The sequential approximation method
for solving Eq. (17) is defined by:

CBnwm+1 = f m, m = 1, . . . (18)

where

f m =
{
Ŷ , m = n

CBnwm + Ŷ −CAwm, m> n
(19)

andn = m, if the operatorB is changed.
The iterative process is stopped according to the residual

principle [8], which consists in performing iterations in order
to have satisfy the condition:∥∥Ŷ −CAwm+1

∥∥2
L2

� ‖C‖2
L2

σ 2
T (20)

Iterations are needed only to eliminate a non-linear
contribution. Thus, the total number of iterations is rather
small. However, the linear problem has to be solved at each
iteration step. A widely used method for IHTP solution
is the iterative regularization method [4,10], based on the
conjugate gradient algorithm, see [10,11]. For this method
the number of iterations required for solving non-linear
inverse problems is nearly the same as for linear problems.
This is why under normal circumstances the conjugate
gradient algorithm is preferable. In this study the most time-
consuming part is the recalculation of coefficientsu, v, Φ,
which requires the solution of N–S equations. Therefore, the
iterative process (18), (19) is preferable.

4.2. Numerical solution of the linear IHTP

To compute the solution of the linear IHTP, the Tikho-
nov’s regularization method [12] has been used. For a given
m, Eq. (18) is solved by minimizing the following convex
quadratic functional

J (w) = ∥∥fm −CBnw
∥∥2
L2

+ α2‖w‖2
W2

2
(21)

The unique optimal solutionwm+1(α) depends on the
regularization parameterα, which has to be chosen from the
generalized residual principle∥∥f m −CBnwm+1

∥∥
L2

= χ (22)

χ = ‖C‖2
L2

σ 2
T

(
1+ ε(m)

)
(23)

whereε(m) → 0 is a monotonic decreasing function ofm.
The unknown functionw(r) to be determined is approxi-

mated by a piecewise constant function

w(r) =
Nr∑
j=1

wjπj (r); w̄ = {wj , j = 1, . . . ,Nr }

where

πj (r) =
{

1, if r ∈ [
(rj + rj−1)/2, (rj + rj+1)/2

]
0, elsewhere

and the measurementŝYk(x) by vectors�̂Y k(xi): i = 1, Nx .
Consequently, a finite-dimensional form of operatorCBn

is a matrix �B and a finite-dimensional form of the vector-
functionfm is a vectorf̄ m. Then the functional (21) to be
minimized can be written in the finite-dimensional form

J
(
w̄m+1) = ∥∥f̄ m − �Bw̄m+1

∥∥2
L2

+ α2
∥∥Fw̄m+1

∥∥2
L2

(24)

By using a standard singular value decomposition (SVD) of
the linear operators, the optimal solution takes the form

w̄m+1 = F−1V S−1
α UTf̄ m (25)

S−1
α = diag

{
s−1
j = sj /

(
s2
j + α2)}

where the matrixesU , V , S are the SVD factors of�BF−1.
These factors have to be recalculated only when the matrix
�B is changed.
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The optimal value of the regularization parameterα is
given by the solution of the non-linear algebraic equation,
which is solved iteratively [9]:

Nr∑
j=1

g2
j α

4/
(
α2 + s2

j

)2 +
Nx∑

j=Nr+1

g2
j = χ

ḡ = UTf̄ m (26)

5. The direct problem solution method

The direct problem is solved at each iteration in order to
calculate the right-hand side of Eq. (18). The computational
strategy chosen is based on a coupled block-implicit solution
approach [3,14]. The numerical solutions of the problem are
computed in a cylindrical domain. The new variable was
used:

r ′(x) = r/R(x)

It gives

fx = fx + β(x)r ′fr ′ , fr = R−1(x)fr ′
β(x) = −Rx(x)/R(x)

According to these substitutions, the energy equation for the
cylindrical domain(0,L) × (0,1) can be rewritten in the
form(
uTx + (

uβ(x)r ′ + vR−1(x)
)
Tr ′

)
= 1

Pe

[(
Tx + β(x)r ′Tr ′

)
x

+ β(x)r ′(Tx + β(x)r ′Tr ′
)
r ′
]

+ R−2(x)

Pe

[
1

r ′ (r
′Tr ′)r ′

]
+ Ec

Re
Φ (27)

The same transformations have been done with Eqs. (1)–
(3) and (5), but for simplicity, the details are not be
presented here. This coordinate transformation provides a
good “physical” mesh that allows to reduce the total number
of grid nodes in the radial direction. In addition, the normal
derivative at the interface polymer-die will coincides with
the radial derivative. This is convenient even if a non-
adiabatic condition at the channel wall is considered.

The continuity equation is held in its original form
in terms of velocities, but small non-zero elements are
placed on the diagonal of the coefficient matrix to eliminate
the need for reordering. The momentum and continuity
equations are discretized using the control volume approach
on a non-uniform staggered grid according to a nine-point
stencil and arranged in a block-wise structure

ȳ = {yk}
y(i−1)Nr+j = (ui,j , vi,j ,pi,j ), i = 1,Nx, j = 1,Nr (28)

The resulting large set of non-linear equations is presented
in the form

Gnȳ = z̄ (29)

It is solved iteratively

ȳm+1 = ȳm + t
(
Gn

)−1(
z̄ −Gmȳm

)
, m > n (30)

where the coefficient matrixGn in Eq. (29) is computed for
the approximation of the viscosity and temperature fields at
the iterationn � m and t is an under-relaxation parameter.
Like the operatorBn in Eq. (18), the matrixGn should not be
change within iteration loop. The matrixGn is not inverted:
the resolution is performed using aLU-decomposition of
Gn. This is the most time-consuming operation: the matrix
has the dimension 3NxNr with a 3Nr + 2 bandwidth, and
the total number of flops required is about 54NxN

3
r .

The same approach is used for the temperature field com-
putation. Eq. (27) is discretized on a grid where the temper-
ature control volume coincides with the control volume for
u-velocity. The resulting set of non-linear equations is pre-
sented as in the form of Eq. (29) and it is solved by using the
same iterative process as in Eq. (30). The dimension of the
matrix isNxNr with aNr + 2 bandwidth. Therefore, the to-
tal number of flops required for matrixLU-decomposition is
about 2NxN

3
r .

An evaluation of the matrix�B for Eq. (18) requiresNr

applications of the temperature field solution procedure,
which gives in total the same amount of calculations as a
single decomposition of the coefficient matrixGn.

The accuracy of the direct problem solution is related to
the value ofχ , cf. Eq. (23). The idea is to stop the iterative
solution of the direct problem when the temperature along
the measurement lines is not corrected significantly. The
following stopping criteria [3] are used:{∣∣Km+1 −Km

∣∣/Km � ε1∥∥Ym+1 − Ym
∥∥2
L2

� ε2χ

whereKm is the kinetic energy of the flow andε1, ε2 are
empirical constants.

6. Results and discussion

Numerical simulations of the direct and inverse problem
solutions are computed under the following practical injec-
tion conditions. The channel geometry is given in Fig. 2. The

Fig. 2. Channel geometry including an expanded part followed by a straight
part.
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widely used polymer melt PBT (Valox 420) is chosen, with
the following properties:

ηref = 2950 kg·m−1·s−1, ν = 0.59
β = −0.024 K−1, Tref = 423 K
λ = 0.25 W·m−1·K−1, ρ = 800 kg·m−3

c = 2400 J·kg−1·K−1.

Typical values are taken for the channel radiusR = 0.0015 m
and for the reference velocityuref = 0.3 m·s−1. They lead to
the dimensionless parameters values:

Re = 1.22× 10−4, Pe = 3456, Ec = 1.5× 10−7

The mesh size in the axial and in the radial directions is
fixed by the node numbers respectively equal toNx = 81,
Nr = 21.

An adiabatic condition,qw = 0, is considered and mea-
surement datâY are assumed to be available at each grid
node along the channel boundary. How to provide such mea-
surements in practice is a separate issue. Solving a conjugate
heat transfer problem by including the die in the spatial do-
main of the IHTP could be a possible way to overcome this
difficulty. For simplicity, this issue is not considered in this
study.

The standard deviation of the measurement errors is taken
to beσT = 0.1 K and the constants in the stopping criteria,
Eq. (31), are chosen equal toε1 = 0.02 andε1 = 0.01.

Some results of the IHTP solution are presented in Fig. 3,
where test inlet temperature functionsw(r) are chosen as
Gaussian functions of the radial variable:

w(r) = 10 exp
(−7.5(r − a)2

)
The maximal temperature rise can be easily shifted in the
radial direction, by changing the parameter valuea = 0.8,
0.7, 0.6, 0.5.

Only temperature measurements along the boundary of
the channel (N = 1) are considered to solve the inverse prob-

Fig. 3. Four test inlet functions (lines 1–4; no marks) compared with the
computed optimal IHTP solutions (1)a = 0.8; (2) a = 0.7; (3) a = 0.6; (4)
a = 0.5 (4 lines with marks) for an expanded channel and one measurement
line (N = 1).

lem. It can be noted on Fig. 3 that the accuracy of the restora-
tion of w(r) depends on the parametera. For a = 0.8, 0.7,
the distance(1 − a), between the location of the maximal
temperature rise of the inlet profile and the inlet channel
boundary, is small enough and the accuracy of the restora-
tion is quite acceptable, but it drops quickly when the pa-
rametera approaches zero. These results are not surpris-
ing, because by taking temperature measurements only at
the channel boundary, there is a lack of information from
the central part of the flow, and the restoration of the in-
let profile is more difficult in the central part than in the
part close to the boundary. However in practice, from a ther-
mal analysis point of view, the flow region near the channel
boundary is the most interesting. For narrow channels, vis-
cous dissipation, chemical reactions, solidification, and slip-
ping phenomena are commonly generated close to the chan-
nel boundary. Therefore, the suggested approach aims to be
efficient at least for investigating the thermal effects of such
phenomena which occur in this flow region.

In order to illustrate this idea, we carried out a numerical
experiment where the inlet temperature profilew(r) to be
determined, was chosen as the outlet profile of an upstream
polymer flow through a straight channel. This upstream
cylindrical channel was chosen with constant radiusR and
with lengthL = 40R. Such flow conditions are those of an
experimental die used for an injection process. The results
of the inverse problem solution under this inlet condition
are presented in Fig. 4, mark 1. As shown,w(r) given by
the continuous curve, is restored almost perfectly. Moreover,
several numerical simulations confirmed that the restoration
accuracy ofw(r) is improved by increasing the accuracy
of measurements. It can be noted that the inlet temperature
profile corresponding to fully developed thermal conditions
was computed with a fixed temperature condition at the wall,
then the inlet profile does not satisfy the adiabatic condition

Fig. 4. For one measurement line (N = 1), an inlet temperature profile
corresponding to fully developed thermal conditions (heavy line, no marks)
is compared with: the optimal IHTP solution (curve 1); the IHTP solution
aftern = 1 for an expanded channel (curve 2); the IHTP solution aftern = 1
for a straight channel (curve 3).
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at the wall and the radial temperature gradient is different
from zero.

Other results show the influence of the iteration num-
ber of the sequential approximation method. Some of the
approximated inlet functionsw(r) presented in Fig. 4, are
obtained at the first iteration(n = 1) of Eq. (18), without
taking into account the coupling between the temperature
and the velocity fields. One result (mark 2) is obtained for
the expanded channel, while another result (mark 3) is for
a straight channel. The maximal temperature rise for the
straight channel is almost ten times greater than that for the
expanded channel; this is because it causes more non-linear
effects, which have to betaken into account by increasing the
number of iterations.

The results presented in Fig. 5 illustrate the advantage
in taking additional measurements,N = 2, at the centerline
R2(x) = 0 (x > 6R). The restored inlet profilew(r) for this
case, is the dotted curve 2. The continuous curve is the same
curve 3 as in Fig. 3. As expected, when additional data are
used for solving the IHTP, the total accuracy of the restored
inlet profile w(r) is improved, more importantly so in the
region that is close to the centerline. Restored values near the
channel boundary wall are almost not affected. Therefore,
the location of the measurement lines has to be chosen
according to the flow region of interest. In practice, these
additional data from the central region of the flow could be
collected by installing a sensor like a torpedo in the channel.
Such an intrusive body within the polymer flow will distort
the velocity and the temperature fields. For such a situation,
a conjugate heat transfer model including both the polymer
and the torpedo should be considered in the IHTP statement.

The results presented in Fig. 5 also illustrate the influence
of the channel geometry. The restored inlet profilew(r),
given by the dotted curve 3, corresponds to the IHTP
solution obtained with the straight channel of radiusR,

Fig. 5. A Gaussian inlet function (a = 0.6; line without marks) is compared
with computed IHTP solutions: (curve 1) with the expanded channel
andN = 1; (curve 2) with the expanded channel andN = 2, additional
measurements at centerline (x > 6R); (curve 3) with the straight channel
andN = 1.

using only the boundary channel data (N = 1). Note that
the restoration accuracy is worse than for the expanded
channel. This result can be explained by the fact that within
the expanded region of the channel, there is a convective
heat transfer from the central region of the flow toward the
channel boundary, in addition to heat transfer provided by
conduction in the polymer melt. Consequently, it has been
observed that the convergence history of the iterative process
for restoring the above inlet profilesw(r) also depends on
the channel geometry. For the expanded channel the total
number of iterations required to satisfy the criterion (20)
was less than four. The matrix�Bn in Eq. (18) and its
SVD-decomposition was recomputed once atm = 2. For
the straight channel the number of iterations required was
between five and eight, and the matrix�Bn was recalculated
up to three times. No additionalLU-decompositions of the
coefficient matrixGn in Eq. (30) was required. The total
number of simple iterations in the iterative process (30) used
was up to ten, both for the flow problem and for the energy
equation.

7. Conclusion

A new approach based on the numerical solution of an
IHTP has been presented to investigate the thermal behavior
of a polymer melt flowing through narrow channels. This ap-
proach could provide more accurate heat transfer modeling,
especially in the radial direction within cylindrical channels,
than methods based only on the bulk temperature analysis of
the melt. The main goal of the paper was to demonstrate the
feasibility of this method.

Due to the high temperature dependence of the polymer
melt viscosity, the inverse heat transfer problem cannot be
solved without considering the coupling between the veloc-
ity and the temperature fields. It requires repeated solutions
of the full Navier–Stokes equations at each step of the itera-
tive procedure. In order to reduce the number of calls to the
Navier–Stokes solver, the sequential approximation method
regularized in the Tikhonov sense, has been developed and
found to be quite efficient. A strongly coupled block-implicit
approach was used for solving the fluid flow equations, to-
gether with a directLU-decomposition for solving algebraic
equations. This approach exploits the idea that an initial ap-
proximation of the velocity field, calculated for a reference
temperature, is already close to the solution. However, it can-
not be recommended as a fast solver in general: its applica-
tion is restricted to steady state and two-dimensional cases.

The presented simulation results illustrate how the radial
inlet temperature profile can be restored with a good accu-
racy in the annulus region 0.7< r < 1, located close to the
inlet channel boundary when the measured restoring data is
obtained only at the walls. Therefore, the method could be
used for investigating heat transfer near the channel wall.
The effect of the channel geometry has also been illustrated.
The use of an expanded channel as a separate experimen-
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tal device would provide more instrumental freedom than a
straight channel.
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